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Abstract
We study the interaction between massive scalar fields and the gravitational field
produced by a higher dimensional Schwarzschild solution in a string cloud model.
Exact analytical solutions of both angular and radial parts of the Klein–Gordon
equation are obtained in terms of the three-dimensional spherical harmonics
and general Heun functions, respectively. From these solutions, we examine the
interesting physical phenomena related to the Hawking radiation and resonant
frequencies.
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1. Introduction
The theory that combines quantum mechanics and general relativity is still
incomplete. Thus, many investigations have been done in order to obtain some
answers that can be used to construct the expected quantum gravity theory [1, 2,
3, 4, 5]. Among these lines of research, we are specially interested in the one that
investigates the interaction between quantum fields and black hole spacetimes.
In particular, when scalar fields are considered, a lot of results can be found in
the literature, as for example, on some as aspects of the quasinormal modes and
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quantization [6], the scattering waves [7], the tunneling of scalar particles [8],
the black hole hair from scalar dark matter [9], and about the growth of massive
scalar hair around a Schwarzschild black hole [10].
Among the various physical phenomena due to the presence of a black hole
in a spacetime region, we are particularly interested in investigating the ones
related to the black hole radiation and the quasispectrum of scalar particles.
Black holes may emit a thermal spectrum related to the quantum mechanical
effects on their exterior event horizons [11, 12]. On the other hand, scalar
fields may present an oscillating energy spectrum (quasispectrum) after the
interaction with a black hole [13, 14, 15, 16, 17, 18].
In this work we obtain the exact solutions of the Klein–Gordon equation and
then investigate the Hawking radiation and the resonant frequencies of massive
scalar fields in the five-dimensional Schwarzschild black hole in a string cloud
model, which is a Lovelock class of black hole.
In the early 1970s, motivated by the fact that the general relativity cannot
be quantized, it was proposed some modified theories of gravity, for example, the
f(R) gravity [19] and the Lovelock theory [20], among others. In this scenario,
we will deal with a black hole spacetime solution of the higher curvature gravity
theory, namely, the so-called Lovelock gravity, which is free from ghosts and
hence it is a natural extension to Einstein gravity. The Lovelock theory of
gravity is known as the most general mathematically consistent metric theory
leading to second order equations of motion in arbitrary number of spacetime
dimensions [21].
On the other hand, in the case of a five-dimensional spacetime, Herscovich
et al. [22] obtained a black hole solution in the Einstein–Gauss–Bonnet theory
for the string cloud model and explored the thermodynamical global and local
stability of the system with vanishing or non-vanishing cosmological constant.
In the present paper, the radial solution of the Klein–Gordon equation will
be given in terms of the general Heun functions. These special functions of
mathematical physics have gained increasingly more importance due to their
large number of applications in different areas of natural science, from biology to
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physics [23]. Here, we will impose some boundary conditions to these functions
in order to study the both Hawking radiation and resonant frequencies.
This paper is organized as follows. In Section 2, we present the Lovelock
solution for a five-dimensional spherical symmetric black hole spacetime. In
Section 3, we solve the Klein–Gordon equation in the background under consid-
eration. In Section 4, we examine the Hawking radiation. Section 5, we discuss
the resonant frequencies of massive scalar particles. Finally, in Section 6, we
present our conclusions.
2. Lovelock black hole solution
When the Einstein’s general relativity is generalized in higher dimensions
by keeping almost its characteristics, we obtain the so-called Lovelock gravity,
which gives second order field equations in arbitrary dimensions. The Lovelock
action appears as the low energy limit of a heterotic superstring theory [24]. In
this approach, the higher dimensional Schwarzschild solution in a string cloud
model is given by
ds2 = gστdx
σdxτ = −f(r) dt2 + 1
f(r)
dr2 + r2 dΩ2D−2, (1)
with
f(r) = 1− 2M
(D − 3)rD−3 −
2a
(D − 2)rD−4 , (2)
dΩ2D−2 = γ˜ijdx
idxj , (3)
where D is the spacetime dimension, M represents a spherical mass centered
at the origin of the system of coordinates, and a is a constant related to the
energy momentum tensor of a string cloud. The line element dΩ2D−2 is related
to a (D − 2)-dimensional hypersurface with constant curvature k = −1, 0 or
+1, which corresponds to the hyperbolic, flat or spherical spaces, respectively.
It is worth calling attention to the fact that for D = 4 the Letelier black hole
spacetime [25] is recovered, with an event horizon of radius rs = 2M/(1 − a).
Note that we adopted the natural units where G ≡ c ≡ h¯ ≡ 1.
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In this work, we will focus on a five-dimensional spherically symmetric space-
time, so that
dΩ23 = dφ
2 + sin2 φ(dθ2 + sin2 θ dϕ2). (4)
This is the line element of a three-sphere, where φ and θ run over the range 0 to
π, and ϕ runs over 0 to 2π. Thus, the metric of a Lovelock black hole spacetime
in five-dimensions can be written as
ds2 = −f(r) dt2 + 1
f(r)
dr2 + r2[dφ2 + sin2 φ(dθ2 + sin2 θ dϕ2)], (5)
with
f(r) = 1− M
r2
− 2a
3r
. (6)
The background under consideration has the apparent horizon (AH), which is
the outermost marginally trapped surface for the outgoing photons, given by
the zeros of f(r) = 0, that is,
f(r) = 0 = (r − r+)(r − r−). (7)
The solutions of this equation are given by
rAH =
1
3
(a±
√
a2 + 9M). (8)
For simplicity and convenience, we will refer to these solutions as the exterior
(r+) and interior (r−) apparent horizons. In fact, the photon can escape from
the apparent horizon and reach an arbitrary large distance, which will confirm
that the surface located at r = rAH is an apparent horizon not an event horizon.
Furthermore, it is worth calling attention to the fact that the cloud of strings
alone can have an apparent horizon located at rAH = 2a/3 (for a detailed review
about the radiating black hole horizons, see [24] and references therein).
In what follows we will consider massive scalar fields propagating in this
background.
3. Klein-Gordon equation
We want to investigate the behavior of massive scalar fields interacting with
the five-dimensional Schwarzschild black hole in a string cloud model given by
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Eq. 5. To do this, we need to solve the Klein–Gordon equation, which is given
by [
1√−g∂σ(g
στ
√−g∂τ )− µ2
]
Ψ = 0, (9)
where µ is the mass of the scalar particle.
Thus, substituting Eq. 5 into Eq. 9, we obtain
{
− r
2
f(r)
∂2
∂t2
+
1
r
∂
∂r
[
r3f(r)
∂
∂r
]
− L2φθϕ − r2µ2
}
Ψ = 0, (10)
where L2φθϕ is the three-dimensional angular momentum operator, which is given
by
L2φθϕ = −
1
sin2 φ
∂
∂φ
(
sin2 φ
∂
∂φ
)
+
1
sin2 φ
L2, (11)
with
L2 = − 1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
− 1
sin2 θ
∂2
∂ϕ2
(12)
being the well known angular momentum operator.
Now, we need to establish the form of the scalar wave function Ψ. Since
that the spacetime under consideration is static and spherically symmetric, the
scalar wave function can be written as
Ψ(r, t) = R(r)Yslm(φ, θ, ϕ)e
−iωt, (13)
where ω is the frequency (energy, because we are considering h¯ = 1). Note
that the general angular solution is given in terms of the three-dimensional
normalized spherical harmonic function Yslm(φ, θ, ϕ) = P
l
s,4(cosφ)Ylm(θ, φ),
where P ls,4(cosφ) is the associated Legendre function in four-dimensions [26, 27].
Therefore, substituting Eq. 13 into Eq. 10, we obtain the following radial equa-
tion
1
r
d
dr
[
r3f(r)
dR
dr
]
+
[
r2ω2
f(r)
− (λslm + r2µ2)
]
R = 0, (14)
where we have used the fact that L2φθϕYslm(φ, θ, ϕ) = λslmYslm(φ, θ, ϕ), with
λslm = s(s+ 2).
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3.1. Radial solution
Let us solve the radial part of the Klein–Gordon equation in the five-dimen-
sional Schwarzschild black hole in a string cloud model. First, we use Eq. 6 and
write down Eq. 14 as
d2R
dr2
+
(
3
r
+
1
r − r+ +
1
r − r−
)
dR
dr
+
1
(r − r+)(r − r−)
[
ω2
(r − r+)(r − r−) − (λslm + r
2µ2)
]
R = 0. (15)
Note that this equation has singularities at r = (0, r+, r−,∞). Then, the trans-
formation of Eq. 15 to a Heun-type equation is achieved by setting a new radial
coordinate x as
x =
r − r+
r− − r+ , (16)
which transforms (r+, r−) 7→ (0, 1). In addition, the remaining singularity is
transformed to x = b, where
b =
−r+
r− − r+ . (17)
It is worth calling attention to the fact that this is an homographic substitu-
tion of the independent variable, which has the following asymptotic regimes:
x → 0 ⇒ r → r+ and x → ∞ ⇒ r → ∞. Therefore, it is easy to see that
this transformation covers the entire spacetime region of the five-dimensional
Schwarzschild black hole in a string cloud model. Thus, substituting Eq. 16 into
Eq. 15, we obtain
d2R
dx2
+
(
1
x
+
1
x− 1 +
3
x− b
)
dR
dx
+
{
b2ω2
r2+
1
x2
+
b2ω2
r2+
1
(x − 1)2 −
bλslm
(b− 1)r2+
1
(x− b)2
+
2b2ω2 + λslm + µ
2r2+
r2+
1
x
+
−2b4ω2 + 4b3ω2 − b2λslm − b2µ2r2+ − 2b2ω2 + 2bµ2r2+ − µ2r2+
(b − 1)2r2+
1
x− 1
+
(2b− 1)λslm
(b− 1)2r2+
1
x− b
}
R = 0. (18)
Now, let us perform a transformation in order to reduce the powers of the
terms proportional to 1/x2, 1/(x− 1)2, and 1/(x− b)2. This transformation is
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a F-homotopic transformation of the dependent variable, R(x) 7→ U(x), such
that
R(x) = xA1(x− 1)A2(x − a)A3U(x), (19)
where the coefficients A1, A2 and A3 are given by
A1 =
ibω
r+
, (20)
A2 =
ibω
r+
, (21)
A3 =
√
r2+(b − 1)2 + bλslm(b− 1)− r+(b− 1)
r+(b− 1) . (22)
In this case, the new radial function U(x) satisfies the following equation
d2U
dx2
+
(
1 + 2A1
x
+
1 + 2A2
x− 1 +
3 + 2A3
x− b
)
dU
dx
+
A4x−A5
x(x − 1)(x− b)U = 0, (23)
where the coefficients A4 and A5 are given by
A4 =
1
(b − 1)r2+
[2A1(b − 1)r2+(A2 +A3 + 2) + 2A2(A3 + 2)(b− 1)r2+
+2A3br
2
+ − 2A3r2+ − 2b3ω2 + 2b2ω2 + bλslm − bµ2r2+ + µ2r2+], (24)
A5 = A1(2A2b+ 2A3 + b+ 3)+A3 −
b
(−A2r2+ + 2b2ω2 + λslm + µ2r2+)
r2+
. (25)
Thus, Eq. 23 is similar to the general Heun equation [28], which is a Fuchsian
type equation with four regular singularities located at x = (0, 1, b,∞). The
canonical form of the general Heun equation is written as
d2U
dx2
+
(
γ
x
+
δ
x− 1 +
ǫ
x− b
)
dU
dx
+
αβx − q
x(x − 1)(x− b)U = 0, (26)
where U(x) = HeunG(b, q;α, β, γ, δ;x) is the general Heun function, which is
simultaneously a local Frobenius solution around a singularity x = bi and a
local Frobenius solution around x = bj, so that it is analytic in some domain
including both these singularities. The singularity parameter b is such that
b 6= 0, 1. The parameters α, β, γ, δ, ǫ, q and b are generally complex, arbitrary,
and related by γ + δ + ǫ = α+ β + 1.
7
Therefore, the exact analytical solution of the radial part of the Klein–
Gordon equation, for a massive scalar particle propagating in the five-dimen-
sional Schwarzschild black hole spacetime in a string cloud model, is given by
R(x) = x
1
2
(γ−1)(x− 1) 12 (δ−1)(x− a) 12 (ǫ−3)
×{C1 HeunG(b, q;α, β, γ, δ;x)
+C2 x
1−γ HeunG(b, q1;α1, β1, γ1, δ;x)}, (27)
where C1 and C2 are constants to be determined. The parameters α, β, γ, δ, ǫ
and q are given by
α = 1 +
2ibω
r+
+ (4 + µ2)
1
2 +
[
1 +
bλslm
(b− 1)r2+
] 1
2
, (28)
β = α− 2(4 + µ2) 12 , (29)
γ = 1 +
2iω
r+ − r− , (30)
δ = 1 +
2iω
r+ − r− , (31)
ǫ =
2
√
(b− 1)r2+[bλslm + (b− 1)r2+] + (b− 1)r2+
(b− 1)r2+
, (32)
q =
ib(2b2 − b− 1)r2+ω − r3+[(b − 1)(bµ2 + 1)]
(b− 1)r3+
+
√
(b − 1)r2+[bλslm + (b − 1)r2+]− (b− 1)(4b3ω2 + bλslm)
(b− 1)r2+
+
2ibω
√
(b− 1)r2+[bλslm + (b− 1)r2+]
(b − 1)r3+
. (33)
Furthermore, the parameters α1, β1, γ1 and q1 are given by
α1 = α+ 1− γ, (34)
β1 = β + 1− γ, (35)
γ1 = 2− γ. (36)
q1 = q + (αδ + ǫ)(1− γ). (37)
Next, we will use this radial solution to discuss some interesting physical
phenomena, namely, the Hawking radiation and the resonant frequencies.
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4. Hawking radiation
In this section we will examine the Hawking radiation of massive scalar par-
ticles near to the exterior apparent horizon of a five-dimensional Schwarzschild
black hole spacetime in a string cloud model. Mathematically, this means that
we need to impose the limit r → r+ to the radial solution.
In this limit, from Eq. 16, we have that x→ 0. Thus, we must first know how
the general Heun functions behave near the point x = 0. If γ 6= 0,−1,−2, . . .,
the general Heun function is analytic in the disk |x| < 1, and has the following
Maclaurin expansion [29]
HeunG(b, q;α, β, γ, δ;x) =
∞∑
j=0
cjx
j , (38)
where
bγc1 − qc0 = 0,
Xjcj+1 − (Qj + q)cj + Pjcj−1 = 0, j ≥ 1, (39)
with c0 = 1 and
Pj = (j − 1 + α)(j − 1 + β),
Qj = j[(j − 1 + γ)(1 + b) + bδ + ǫ],
Xj = b(j + 1)(j + γ). (40)
Then, we can conclude that HeunG(b, q;α, β, γ, δ;x→ 0) ∼ 1.
Now, by imposing the limit r → r+ to the radial solution given by Eq. 27,
we obtain the following asymptotic behavior
R(r) ∼ C3 (r − r+) 12 (γ−1) + C4 (r − r+)− 12 (γ−1), (41)
where all constants are included in C3 and C4. Then, taking into account the
solution of the time dependence, we can write the wave solution as
Ψ = e−iωt(r − r+)± 12 (γ−1). (42)
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From Eq. 30, for the parameter γ, we obtain
1
2
(γ − 1) = i
2κ+
ω, (43)
where κ+ is the gravitational acceleration on the background horizon surface
r+ given by
κ+ ≡ 1
2
df(r)
dr
∣∣∣∣
r=r+
=
r+ − r−
2
. (44)
Thus, on the five-dimensional Schwarzschild black hole exterior horizon surface,
the ingoing and outgoing wave solutions are given by
Ψin = e
−iωt(r − r+)−
i
2κ+
ω
, (45)
Ψout(r > r+) = e
−iωt(r − r+)
i
2κ+
ω
. (46)
Now, we follow the approach developed by Vieira et al. [30] in order to obtain
a real damped part of the outgoing wave solution of the scalar field, which can be
used to construct an explicit expression for the decay rate Γ. Thus, the relative
scattering probability of the scalar wave at the exterior apparent horizon surface
r = r+ is given by
Γ+ =
∣∣∣∣Ψout(r > r+)Ψout(r < r+)
∣∣∣∣
2
= e
−
2pi
κ+
ω
. (47)
Finally, by using the Damour–Ruffini–Sannan method [31, 32], we get the
resulting Hawking radiation spectrum of massive scalar particles, which is given
by
N¯ω =
Γ+
1− Γ+ =
1
e
2pi
κ+
ω − 1
. (48)
Therefore, we can see that the resulting Hawking radiation spectrum of massive
scalar particles in the five-dimensional Schwarzschild black hole spacetime in
a string cloud model has a thermal character, analogous to the black body
spectrum, where kBT+ = h¯κ+/2π. This result shows that the Hawking radiation
occurs even in high dimensions, that is, it is really a phenomenon due to the
effective geometry.
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5. Resonant frequencies
In this section we will investigate a kind of quasispectrum, the so-called
resonant frequencies, which are related to the decay of the perturbation field,
that is, they correspond to damped oscillations. Mathematically, this means
that we need to impose a boundary condition to the radial solution, namely, it
should be well behaved at asymptotic infinity [33].
In this limit, we have that R(x) should be a polynomial. Thus, we must first
know how the general Heun functions becomes a polynomial. Indeed, the func-
tion HeunG(a, q;α, β, γ, δ;x) turns to be a polynomial of degree n if it satisfies
the α-condition, which is given by [28]
α = −n, (49)
where n = 0, 1, 2, . . . is a quantum number.
Now, by imposing the α-condition to the radial solution given by Eq. 27, we
obtain the following expression for the resonant frequencies
ωn = i
√
a2 + 9M
3
(
n+ 1+
√
4 + µ2 +
√
M − λslm
M
)
. (50)
Note that this quasispectrum is a complex number with just the imaginary part
and hence it corresponds to the decay rate of the oscillation. In addition, these
eigenvalues are degenerate, because there is a dependence on the separation
constant λslm = s(s+ 2).
It is worth to calling attention to the fact that we have obtained the mas-
sive scalar resonant frequencies in the five-dimensional Schwarzschild black hole
spacetime in a string cloud model directly from the general Heun function by
using the condition which should be imposed in such a way that this function
reduces to a polynomial, and that there is no similar result in the literature for
this case.
The resonant frequencies given by Eq. 50 are shown in Figs. 1-4 as functions
of the parameter a.
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Figure 1: The scalar resonant frequencies of a five-dimensional Schwarzschild black hole as a
function of a for M = 10, µ = 1 and n = 0.
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Figure 2: The scalar resonant frequencies of a five-dimensional Schwarzschild black hole as a
function of a for M = 10, µ = 1 and n = 2.
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Figure 3: The scalar resonant frequencies of a five-dimensional Schwarzschild black hole as a
function of a for M = 10, µ = 1 and s = 0.
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Figure 4: The scalar resonant frequencies of a five-dimensional Schwarzschild black hole as a
function of a for M = 10, µ = 1 and s = 0.
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In Fig. 1 we see that for a fixed value of the eigenvalue s, the (imaginary
part of) resonant frequencies increase with a. The same can be concluded from
Fig. 3, with a fixed value of the quantum number n.
From Fig. 2 we conclude that the (imaginary part of) resonant frequencies
decrease with s for fixed values of the parameter a. The opposite occurs in
Fig. 4, with fixed values of the quantum number n.
The resonant frequencies given by Eq. 50 are also shown in Tables 1-4 as
functions of a, µ, s, and n, respectively.
Table 1: The scalar resonant frequencies five-dimensional Schwarzschild black hole forM = 10,
µ = 1 and s = 0.
a Re[ω0] Im[ω0]
0.0 0.00000 13.39562
0.1 0.00000 13.39637
0.2 0.00000 13.39860
0.3 0.00000 13.40232
0.4 0.00000 13.40753
0.5 0.00000 13.41422
0.6 0.00000 13.42239
0.7 0.00000 13.43204
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Table 2: The scalar resonant frequencies five-dimensional Schwarzschild black hole forM = 10,
a = 0.1 and s = 1.
µ Re[ω1] Im[ω1]
0 0.00000 15.29571
1 0.00000 16.04227
2 0.00000 17.91557
3 0.00000 20.37319
4 0.00000 23.11373
5 0.00000 26.00114
6 0.00000 28.97192
7 0.00000 31.99381
Table 3: The scalar resonant frequencies five-dimensional Schwarzschild black hole for M =
100, a = 0.1 and µ = 5.
s Re[ω7] Im[ω7]
0 0.00000 143.8524
1 0.00000 143.7013
2 0.00000 143.4441
3 0.00000 143.0720
4 0.00000 142.5702
5 0.00000 141.9147
6 0.00000 141.0635
7 0.00000 139.9352
From Table 1 we see that the (imaginary part of) resonant frequencies in-
crease very slowly with a, for fixed values of the parameters M , µ, s, and n.
In Table 2 we can conclude that the (imaginary part of) resonant frequencies
increase with µ, for fixed values of the parameters M , a, s, and n.
In Table 3, the magnitude of the resonant frequencies decreases with param-
eter s, for fixed values of the parameters M , a, µ, and n. Finally, from Table
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Table 4: The scalar resonant frequencies five-dimensional Schwarzschild black hole for M =
100, a = 0.1 and µ = 5.
n Re[ωn] Im[ωn]
0 0.00000 73.85206
1 0.00000 83.85211
2 0.00000 93.85217
3 0.00000 103.8522
4 0.00000 113.8523
5 0.00000 123.8523
6 0.00000 133.8524
7 0.00000 143.8524
4, we conclude that the magnitude of the resonant frequencies increase very
quickly with parameter n, for fixed values of the parameters M , a, µ, and s.
6. Summary
In this work we have presented the analytical solutions of the both an-
gular and radial parts of the Klein–Gordon equation in the five-dimensional
Schwarzschild black hole spacetime in a string cloud model. In what concern
the angular part, its general solution is given in terms of the three-dimensional
normalized spherical harmonic function. On the other hand, for the radial part,
its general solution is given in terms of the general Heun functions.
From the radial solution, we studied two very important physical phenom-
ena. We get the Hawking radiation spectrum, which is similar to the black body
radiation, for massive scalar fields nearby to the exterior apparent horizon. We
obtained an expression for the massive scalar resonant frequencies, by impos-
ing the appropriated boundary condition, and then examined their behavior as
functions of the involved parameters.
These two physical processes, which are related to the interaction between
quantum fields, in special the scalar one, and the gravitational field of black
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holes, in particular the five-dimension Lovelock spacetime, can give us, in prin-
ciple, some relevant information about the physics of these objects. Therefore,
they constitute a very important line of research and then need to be investigated
in both theoretical and experimental point of view. Here we have presented some
analytical and numerical results which can be compared with future detected
data.
Finally, it is worth commenting that in addition to the calculation of the
relative scattering probability (or tunneling rate), which is given by Eq. 47, the
canonical invariance and a temporal contribution to the tunneling rate can be
also discussed, and therefore, it would be interesting to extend our analysis to
some other stationary and non-stationary black hole spacetimes. In fact, some
results which concern this extension were already published [34, 35, 36, 37] and
we expect to publish some others in the near future.
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